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Abstract
We explore bosonic string sigma models on warped BTZ×S3 both in the plane
wave as well as beyond plane wave limit. Using the light cone gauge, we obtain the
corresponding Hamiltonian and therefore the spectrum associated with the pp wave
strings. Our analysis reveals a constant shift in the spectrum arising as a result of
TsT transformations along the isometries of the target space manifold. Imposing the
energy positivity constraint on the CFT2 spectrum, we estimate an upper bound on
the shift. We also estimate corrections as we go beyond the plane wave limit. Finally,
we perform calculations using conformal gauge which reveals identical spectrum for
the pp wave strings and thereby shows the equivalence between the two approaches.
1 Overview and Motivation
For many years, explorations of stringy dynamics on AdS3 [1]-[3] and beyond [4]-[6] has
sharpened our current understanding of AdS3/CFT2 duality in a significant way. Recently,
the ongoing developments along this path has received a significant boost in the light of
irrelevant deformations in 2D CFTs [7]-[11]. These deformations are special in the sense
that the spectrum of the deformed theory could be obtained in terms of the original
(undeformed) CFT data. For the purpose of this paper, we will be concerned about the
JT¯ deformations [10]-[11] and in particular its stringy counterpart at zero temperatures.
On the stringy side of the correspondence, these deformations are realized as marginal
current-current deformations of the string world-sheet on AdS3× S3×M4 [12]-[19]. The
recent analysis of [20]-[21] reveals that marginal deformations on the string world-sheet
could be realized as TsT transformations along the target space coordinates in the presence
of NS-NS fluxes. It turns out that in case of JT¯ deformations, one of the isometry
directions belongs to the AdS3 factor while the other U(1) direction comes from S
3 [20].
Given the above correspondence, the purpose of the present paper is to explore the
Penrose limit for bosonic sigma models over warped BTZ × S3 in the presence of NS-NS
fluxes. In particular, we present a systematic way of taking the pp wave limit [22]-[29]
for warped massless BTZ × S3 spacetime which unveils three flat directions associated
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with the target space manifold. Two of these directions give rise to massive stringy modes
upon quantization while the other remains as the massless excitation.
The quantization of the corresponding light cone Hamiltonian predicts a shift
∆S ∼ γ˜p
+
ω
(1)
in the spectrum of the 2D CFT whose source (in the bulk theory) lies in the TsT transfor-
mations acting along the isometries of the target space manifold. Here, γ˜ is the reminiscent
of the TsT deformation parameter in the pp wave limit of the bosonic sigma model. On
the other hand, p+ is the momentum associated with the string along light cone direction
x+ and ω is the mass parameter of the model which we later identify as proportional to
the rest mass of the massive stringy modes associated with the sigma model. Imposing
the energy positivity condition (∆ > 0) on the spectrum, we further estimate an upper
bound on the TsT transformation parameter (γ˜) and thereby on the energy shift ∆S.
As a further continuation of our analysis, we go beyond the conventional pp wave
limit [30]-[31] and estimate `−2 corrections to the pp wave Hamiltonian (and thereby the
spectrum) where ` is the length scale associated to AdS3. We also construct the pp wave
Hamiltonian using conformal gauge and show the equivalence between the Hamiltonian
densities in two approaches. Finally, we draw conclusion in Section 3.
2 Analysis and results
2.1 pp wave dynamics
We begin by exploring rotating string configurations over warped massless BTZ×S3 [20]
ds2 = `2
{
dr2
4r2
+ r(dϕ2 − dt2) + γr(dϕ+ dt)(dχ+ cos θdψ) + dΩ23
}
(2)
dΩ23 =
1
4
(
(dχ+ cos θdψ)2 + dθ2 + sin2 θdψ2
)
(3)
B2 = `
2
{
1
4
(cos θdψ ∧ dχ+ 4rdϕ ∧ dt)− γr
2
(dϕ+ dt) ∧ (dχ+ cos θdψ)
}
(4)
where, γ stands for the TsT deformation parameter and ` =
√
k`s defines the radius of
curvature of AdS3. Here, `s =
√
α′ defines the string length and k defines the level of the
world-sheet current algebra [1]-[2].
2.1.1 Towards Penrose limit
To proceed further, we first introduce the following change in coordinates,
χ = Ψ + Φ ; ψ = Ψ− Φ ; θ = 2Θ ; r = cosh2 ρ (5)
which finally yields the background space-time metric and the NS-NS flux,
ds2
`2
= tanh2 ρdρ2 + cosh2 ρ(dϕ2 − dt2) + dΘ2 + sin2 ΘdΦ2
+ cos2 ΘdΨ2 + 2γ cosh2 ρ(dϕ+ dt)(cos2 ΘdΨ + sin2 ΘdΦ) (6)
2
B2
`2
=
1
2
cos 2ΘdΨ ∧ dΦ + cosh2 ρdϕ ∧ dt
−γ cosh2 ρ(dϕ+ dt) ∧ (cos2 ΘdΨ + sin2 ΘdΦ). (7)
It is important to notice that, unlike previous examples [28]-[29], the pp wave limit
should be considered by zooming into the geometry around null geodesics at a finite radial
distance r = rc + O(`−2) from the centre (r = 0) of the warped BTZ spacetime. This
is simply because an expansion of (2)-(4) around r ∼ 0 is ill defined due to the presence
of the metric singularity. On top of it, the expansion around r ∼ 0 does not see any
effects of TsT deformation. After taking into account all these facts, a careful analysis
reveals that at the pp wave limit, the target space geometry effectively looks like a 5D
manifold with three flat directions attached. However, non trivial radial dependencies
starts showing up as we go beyond the traditional pp wave limit [30]-[31] and therefore
the resulting geometry modifies significantly.
We introduce the pp wave limit of (6)-(7) by redefining coordinates as,
t = ωx+ ; ϕ =
η
`
; Ψ = ωx+ − x
−
ω`2
; ρ =
%
`
; Θ =
β
`
; γ =
γ˜
ω2`2
(8)
and thereby taking `→∞ keeping `s = fixed. The above corresponds to the limit k →∞
in which the world-sheet sigma model on AdS3 becomes weakly coupled. This is the limit
which sets, ρ→ 0 and thereby fixes the radial coordinate as, r = 1 +O(`−2).
Using (8), the pp wave limit of the metric (6) turns out to be,
ds2pp = −2dx+dx− − (β2ω2 − 2γ˜)(dx+)2 + dη2 + dβ2 + β2dΦ2
= −2dx+dx− − (ω2X 2a − 2γ˜)(dx+)2 + dZ2i ; a, b = 1, 2 (9)
where, we redefine our coordinates as,
X1 = β cos Φ ; X2 = β sin Φ ; Zi = {η,Xa = X1,X2}. (10)
The NS-NS flux, on the other hand, needs to be normalized in the pp wave limit,
B2pp ∼ B2
ω2`2
=
1
2ω
dx+ ∧ dΦ. (11)
2.1.2 pp wave Hamiltonian
Given the pp wave background (9), our first task is to identify the conserved charges
associated with the sigma model in the light cone coordinates (x±). A straightforward
computation reveals string theory charges as,
p− = i∂x+ = 2ω(∆− J) ∼ ES − J (12)
p+ = i∂x− =
1
ω`2
(∆ + J) ∼ ES + J (13)
where, ES(∼ i∂t) is the classical energy of the string that stands for the conformal di-
mension (∆) of the operator in the dual CFT2. On the other hand, J(∼ −i∂Ψ) is the R-
charge in terms of CFT2 d.o.f. such that the operators satisfy the BPS bound ∆ ≥ J .
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The sigma model describing (semi)classical strings propagating over the pp wave ge-
ometry (9) is given by,
Spp = − 1
4piα′
∫
d2σLpp (14)
where the bosonic part of the Lagrangian density could be formally expressed as1,
Lpp = hαβ∂αXM∂βXNGMN − εαβ∂αXM∂βXNBMN . (15)
Here, hαβ =
√− det ζαβ ζαβ where ζαβ is the 2D world-sheet metric. On the other hand,
εαβ is the 2D Levi-Civita symbol with the convention ετσ = −εστ = 1.
To proceed further, we (gauge) fix the reparametrization invariance of the world-sheet
theory by adopting the so called light cone gauge [26]-[27],
x+ = τ ; ∂σζσσ = 0 ;
√− det ζαβ = 1 (16)
which upon substitution into (15) yields,
Lpp = ζσσ(τ)
(
2∂τ x
− − (∂τZi)2 + ω2X 2a − 2γ˜
)− 2ζτσ(τ, σ)(∂σx− − ∂τZi∂σZi)
+ζ−1σσ (τ)(1− ζ2τσ(τ, σ))(∂σZi)2. (17)
The canonically conjugate momenta (pM) that readily follow from (17) are given below,
p− = 2ζσσ = const. (18)
pi = −2ζσσ∂τZi + 2ζτσ∂σZi. (19)
On the other hand, the Virasoro constraints follow directly form the stress energy
tensor associated with the 2D world-sheet theory,
Tαβ = ∂αX
M∂βX
NGMN − 1
2
ζαβζ
µν∂µX
M∂νX
NGMN = 0. (20)
Setting, α = τ and β = τ we find
∂τ x
− +
1
2
(ω2X 2a − 2γ˜)−
1
2p2−
(2ζτσ∂σZi − pi)2 − 2
p2−
(1− ζ2τσ)2
(1 + ζ2τσ)
(∂σZi)2
+
2
p−
ζτσ(1− ζ2τσ)
(1 + ζ2τσ)
(
∂σx
− +
∂σZi
p−
(pi − 2ζτσ∂σZi)
)
= 0. (21)
On the other hand, setting α = τ and β = σ we find
∂τ x
− +
1
2
(ω2X 2a − 2γ˜)−
1
2p−
(2ζτσ∂σZi − pi)∂σZi + 2
p−
(1− ζ2τσ)∂σx−
ζτσ
− 2
p2−
(1− ζ2τσ)
ζτσ
(2ζτσ∂σZi − pi)∂σZi + 2
p2−
(1− ζ2τσ)(∂σZi)2 = 0. (22)
1At the level of the sigma model, the NS-NS contribution appears to be a total derivative term which
therefore can be ignored in the strict pp wave limit.
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Solving (21) and (22) we find,
∂τ x
− = −1
2
(ω2X 2a − 2γ˜)−
ζ2τσ
2p−
(2ζτσ∂σZi − pi)∂σZi
+h(τ, σ)(2ζτσ∂σZi − pi)2 + g(τ, σ)(∂σZi)2 (23)
and,
∂σx
− =
(
1
p−
+
f(τ, σ)
4
)
(2ζτσ∂σZi − pi)∂σZi − 2
p−
ζτσ(∂σZi)2
− f(τ, σ)
4p−
(2ζτσ∂σZi − pi)2 (24)
where we introduce new variables as,
f(τ, σ) =
ζτσ(1 + ζ
2
τσ)
1− ζ2τσ
; h(τ, σ) =
(1 + ζ2τσ)
2p2−
(25)
g(τ, σ) =
2
p2−
(1− ζ2τσ). (26)
Finally, collecting all the pieces together the pp wave Hamiltonian density in the light
cone gauge turns out to be,
H(lc)pp ≡ −p+ = −
1
4p−
(2ζτσ∂σZi − pi)2 − p−
4
(ω2X 2a − 2γ˜)
+ζτσ∂σx
− − 1
p−
(1− ζ2τσ)(∂σZi)2 (27)
where ∂σx
− may be replaced using (24).
The equation of motion corresponding to x− together with the input from (18) implies
that, ∂σζτσ = 0. Using the residual gauge (Weyl) freedom on the world-sheet [27] we can
further fix ζτσ = 0 which thereby yields the Hamiltonian of the pp wave string as,
Hpp =
1
2pi
∫ 2pi
0
dσ
(
p2a
4p−
+
p−
4
(ω2X 2a − 2γ˜) +
1
p−
(∂σXa)2 +
p2η
4p−
+
1
p−
(∂ση)
2
)
(28)
which shows that Xas are the only massive excitations with rest mass ω ∼ m.
2.1.3 The spectrum
In order to compute the spectrum of the theory, we propose the following mode expansion
[27] for the world-sheet fields,
Xa(τ, σ) =
∑
n
1√
wn
(
cnae
− i
p− (wnτ+Knσ) + c.c.
)
(29)
η(τ, σ) =
∑
n
1√
νn
(
bn(η)e
− i
p− (νnτ+κnσ) + c.c.
)
. (30)
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Using (29) and (30) and following the normal ordering the spectrum may finally be
expressed as,
∆ = J + ∆S +
1
2ωp−
∑
n
νnNη(κn) + 2
p2−
∑
n,a
Na(Kn)
+
1
m2p2−
∑
n,a
K2nNa(Kn) +O(1/p3−) (31)
where we identify the number operators corresponding to massless as well as massive
modes respectively as,
Nη(κn) = bn†(η)bn(η) (32)
and,
Na(Kn) = cn†a cna . (33)
On the other hand, the corresponding dispersion relations for these modes could be
respectively expressed as,
ν2n = κ
2
n (34)
and
w2n = K
2
n + m
2 ; m2 = ω2p2− = 4ω
2 (35)
subjected to the fact that we set, p− = 2 in order for η to be massless mode. This
naturally fixes ζσσ = 1 by virtue of (18). Finally, we notice that the effect of TsT on
target space coordinates (or equivalently the marginal deformation on the 2D world-sheet
theory) appears as a constant shift,
∆S =
γ˜
4ω
p+ (36)
in the spectrum where p+ is the light cone momentum of the string.
2.1.4 A bound on ∆S
From (31), one can further extract an upper bound on the TsT deformation parameter
(γ˜) and hence in general on the shift (∆S) in the pp wave spectrum. A careful analysis
reveals that one could think of (31) as an expansion in the effective (large) R- charge
J˜(= J − γ˜
2
) where we drop all the sub leading terms in ω
J˜p+
being very small,
∆ ≈ J˜
√
1− 2nνω
J˜p+
(p+) (37)
nν =
1
2ω
∑
n
νnNη(κn). (38)
The function (p+), on the other hand, could be formally expressed as,
(p+) = 1− nK
nν
ω
p+
+ · · · (39)
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where we identify,
nK = 2
∑
n,a
Na(Kn) + 1
m2
∑
n,a
K2nNa(Kn). (40)
Now, demanding the energy positivity (∆ > 0) condition on the spectrum, we find the
following upper bound on the TsT deformation parameter,
γ˜ ≤ γ˜c = 2J − 4nνω
p+
+O(1/(p+)2) (41)
which thereby also provides an upper bound on the corresponding energy shift,
∆S ≤ ∆(c)S =
p+J
2ω
− nν +O(1/p+) (42)
where, nν is the total occupation number corresponding to zero modes in the spectrum.
2.2 Beyond pp wave dynamics
We now go beyond the standard pp wave limit [30]-[31] and consider curvature corrections
to the metric upto an order ∼ O(`−2) namely,
ds2 = ds2pp + `
−1ds2(1) + `−2ds2(2) +O(`−3) (43)
where, the first order correction to the metric could be formally expressed as,
ds2(1) =
2γ˜
ω
dx+dη (44)
On the other hand, we enumerate the second order corrections to the metric as,
ds2(2) =
(
2β2 − 2γ˜
ω2
)
dx+dx− − ω
2
3
(
%4 − β4 + 6γ˜(β
2 − %2)
ω2
)
(dx+)2
+
2γ˜β2
ω
dx+dΦ + (d%2 + dη2)%2 − β
4dΦ2
3
+
(dx−)2
ω2
. (45)
Finally, the curvature corrections to the normalized NS-NS flux could be expressed as,
B2 = B2pp + `−1B(1)2 + `−2B(2)2 +O(`−3) (46)
where the individual terms in the expansion (46) are noted to be,
B(1)2 =
1
ω
dx+ ∧ dη (47)
B(2)2 = −
1
2ω3
dx− ∧ dΦ− β
2
ω
dx+ ∧ dΦ. (48)
As a result of curvature corrections, the corresponding Lagrangian density (15)
L = 2∂τ x− + (β2ω2 − 2γ˜)− ((∂τη)2 − (∂ση)2)− ((∂τβ)2 − (∂σβ)2)
−β2((∂τΦ)2 − (∂σΦ)2)−∆L (49)
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changes by an amount,
∆L = 2γ˜
ω`
∂τη +
2
`2
(
β2 − γ˜
ω2
)
∂τ x
− +
2γ˜β2
ω`2
∂τΦ +
%2
`2
((∂τ%)
2 + (∂τη)
2)
− β
4
3`2
(∂τΦ)
2 +
1
ω2`2
(∂τ x
−)2 − %
2
`2
((∂σ%)
2 + (∂ση)
2) +
β4
3`2
(∂σΦ)
2
− 1
ω2`2
(∂σx
−)2 − ω
2
3`2
(
%4 − β4 + 6γ˜(β
2 − %2)
ω2
)
− β
2
ω`2
∂σΦ (50)
where we drop total derivative terms those coming from the NS sector in the above
expansion (50).
The corresponding canonically conjugate momenta are given by,
p− = 2− 2
`2
(
β2 − γ˜
ω2
)
− 2
ω2`2
∂τ x
− (51)
pη = −2∂τη − 2γ˜
ω`
− 2%
2
`2
∂τη (52)
p% = −2%
2
`2
∂τ% (53)
pβ = −2∂τβ (54)
pΦ = −2β2∂τΦ− 2γ˜β
2
ω`2
+
2β4
3`2
∂τΦ. (55)
Notice that, η is an isometry of the target space hence pη is conserved. This implies
that % = %(σ) and therefore p% = 0. On the other hand, inverting (52) and (55) we find,
∂τη = − γ˜
ω`
− 1
2
(
1− %
2
`2
)
pη +O(`−3) (56)
∂τΦ = − pΦ
2β2
(
1 +
β2
3`2
)
− γ˜
ω`2
+O(`−3). (57)
Taking all these as inputs, the corresponding shift in the Hamiltonian spectrum turns
out to be,
∆H =
1
4piω
∫ 2pi
0
dσ∆H (58)
where,
∆H = p
2
Φ
2β2
(
1 +
β2
2`2
)
+
(
1− %
2
3`2
)
p2η +
2γ˜pη
ω`
+
2γ˜pΦ
ω`2
+
2γ˜2
ω2`2
+
1
ω2`2
(
1
8
∑
i=η,Φ,β
p2i +
1
2
∑
i=η,Φ,β
(∂σXi)
2 − 1
2
(ω2β2 − 2γ˜)
)2
−%
2
`2
((∂σ%)
2 + (∂ση)
2) +
β4
3`2
(∂σΦ)
2
− 1
ω2`2
(∂σx
−)2 − ω
2
3`2
(
%4 − β4 + 6γ˜(β
2 − %2)
ω2
)
− β
2
ω`2
∂σΦ. (59)
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2.3 A note on conformal gauge
So far our analysis was performed using a particular gauge namely the light cone gauge.
However, in this part of our analysis, we choose to work with a different gauge fixing
procedure known as the conformal gauge. In conformal gauge, one fixes both the re-
parametrization as well as the Weyl invariance of the sigma model by choosing the world-
sheet metric in the 2D Minkowskian form,
γαβ = diag(−1, 1). (60)
This leads to the pp wave Polyakov action as,
Spp = 1
4piα′
∫
dτdσ Lpp (61)
where, we identify the corresponding Lagrangian density as,
Lpp = −2(∂τ x+∂τ x− − ∂σx+∂σx−)− (ω2X 2a − 2γ˜)((∂τ x+)2 − (∂σx+)2)
+((∂τZi)2 − (∂σZi)2). (62)
2.3.1 Dynamics
The corresponding conjugate momenta are given by,
p+ = −2∂τ x− + (ω2X 2a − 2γ˜)p− (63)
p− = −2∂τ x+ (64)
pi = 2∂τZi. (65)
As p− is a constant of motion therefore we find,
∂2τ x
+ = 0 (66)
whose most general solution can be expressed as,
x+ =
(
p+
ω
)
τ + a+ (67)
where we identify p+ as the momentum of the string along the light cone direction x+.
Our goal would be to fix the above entities p
+
ω
and a+(σ) such that we end up in a solution
of the form, x+ = τ which is precisely the gauge fixing condition in the light cone gauge.
Finally, we note down the corresponding pp wave Hamiltonian density,
H(cg)pp = −
p−p+
2
+ p−H(lc)pp − 2∂σx+∂σx− − (ω2X 2a − 2γ˜)(∂σx+)2. (68)
2.3.2 Gauge fixing
In order to check the residual gauge freedom of the model, we adopt the following change
in coordinates and/or coordinate redefinition on the world-sheet
σ± = τ ± σ (69)
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which yields the pp wave Lagrangian density of the following form,
Lpp = −4(∂+x+∂−x− + ∂+x−∂−x+)− 4(ω2X 2a − 2γ˜)∂+x+∂−x+ + 4∂+Zi∂−Zi. (70)
Clearly, as a result of this, the Polyakov action
Spp = 1
8piα′
∫
dσ+dσ−Lpp (71)
is invariant under the following rescaling,
σ± = σ˜±(σ±). (72)
Therefore, we are left with two more gauge freedoms one of which could be fixed by
setting,
∂σx
+ = 0 (73)
which sets, a+ = 0 in (67).
Using, the remaining gauge freedom, one can further fix the dimensionless ratio,
p+
ω
= 1 (74)
which naturally fixes the pp wave Hamiltonian in the canonical gauge as, H(cg)pp = −p+ ≡
H(lc)pp and therefore the spectrum turns out to be identical in both descriptions.
3 Summary and final remarks
We conclude our analysis with a brief summary of the results. In the present paper, using
light cone gauge, we estimate pp wave stringy spectrum over massless BTZ × S3 in the
presence of NS-NS fluxes. It turns out that the pp wave spectrum receives a constant
energy shift (∆S) due to TsT transformations acting along U(1) isometries of the tar-
get space manifold. More precisely, this shift appears to be proportional to the string
momentum (p+) along light cone direction x+. Imposing the energy positivity constraint
on the spectrum (∆ > 0), we further propose an upper bound (∆
(c)
S ) on the energy shift
in the limit of large R- charge. We also estimate `−2 corrections to the spectrum as we
go beyond the strict pp wave limit. Finally, we compute the pp wave Hamiltonian using
conformal gauge and show the equivalence between two approaches. Before we conclude,
it is worthwhile to mention that a parallel derivation of similar results from CFT2 data
would certainly be an exciting direction to be explored in the near future.
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